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We propose a novel model for describing the spreading processes, in particular, epidemics.
Our model is an extension of the SIQR (susceptible-infected-quarantine-recovered) and SIRP
(susceptible-infected-recovered-pathogen) models used earlier to describe various scenarios of epi-
demic spread. As compared to the basic SIR model, our model takes into account two possible
routes of virus transmission: direct from the infected compartment to the susceptible compartment
and indirect via some intermediate medium or fomites. The transmission rates are estimated in
terms of the average distances between the individuals in selected social environments and char-
acteristic relaxation times. We also introduce a resource activation function that reflects the load
of the epidemics on economics and the limited capacity of the medical infrastructure. Our model
brings an advantage of building various control strategies to minimize the effect of the epidemic and
can be applied to modeling the recent COVID-19 outbreak.
I. INTRODUCTION
As widely acknowledged [1–5], the spread of informa-
tion, rumors, ideas, or deceases share many similarities
and, in most cases, spreading processes are governed by
similar models.
There are entire classes of models in terms of com-
plexity or approximations to describe the spreading pro-
cesses, starting from dynamic systems, e.g. [6–13], that
stem from classical works [14–18]. More complex models
include stochastic effects, e.g. [19]; models with spatial
flows, e.g. diffusion [20]; and models allowing for non-
trivial spatial structure or topology, e.g. [1, 21]. One
common feature in the majority of these models is the
presence of kinetic coefficients or parameters that charac-
terize the probability of elementary processes or reactions
per unit time. On the one hand, these model parameters
(constants) determine the instability points and charac-
teristic rates of instability growth. On the other hand,
however, the kinetic coefficients or probabilities are not
the proper control parameters that are readily available,
and they can only be estimated indirectly in terms of
other parameters.
The dynamics of any spreading process, e.g. an epi-
demic, is determined by the individual peculiarities of
people in the selected social group, by the type and mech-
anism of infection, etc. To describe such a process, it is
necessary to indicate some ways for a specific influence
on the process by selecting, in particular, a proper quar-
antine strategy. A dramatic example is the spread of
COVID-19, when different countries resort to different
quarantine measures [22]. Such measures are controlled
by the choice of certain parameters available to society
(e.g. working day duration, average density of people
in public places, frequency of disinfection, intensity of
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transport communications, etc.). The problem of strat-
egy selection reduces to problems of optimal control the-
ory for feedback systems (theory of games in the more
general case [23]). An important point in strategy se-
lection is to single out the control parameters that are
readily available in the system.
One of the basic constants in spreading models is the
reaction cross-section or its characteristic rate. For in-
stance, the infection reaction is associated with scattering
of the infected individuals on the spatiotemporal fluc-
tuations of population density. As is well-known [24],
the infection probability depends on population density
non-monotonically. At low densities, the low probabil-
ity of scattering of the infected individuals on the sus-
ceptible individuals results in a small total cross-section
of the infection reaction. At high densities, the mobil-
ity of spreaders decreases, and it mitigates the spread-
ing process. Moreover, the scattering of spreaders on lo-
cal population-density fluctuations should determine the
critical concentration of secondary infected cases suffi-
cient for the initiation of the collective process, i.e. epi-
demic. In general, kinetic description of spreading is
quite a complex problem that needs to account for the
changes of the internal state of the spreaders in the course
of collisions as well as the presence of spatial inhomogene-
ity in the system and its non-equilibrium properties.
The similar remarks can be made in regard to the char-
acteristic relaxation times, e.g. the characteristic reha-
bilitation or recovery rates. These parameters are deter-
mined by the individual peculiarities of the person and
generally are not social group dependant. In addition,
it is determined by the quality of the provision of medi-
cal services and food. The quickest recovery depends on
the cost of medical services, the bare subsistence level of
consumption, E, and the availability of some resource ρ,
e.g. money [25]. Since the cost of services is fixed, the
service is terminated if there is not enough personal, pri-
vate, or collective financial resource (ρ ≪ E). In other
words, there is an analog of some energy barrier, with the
2parameter E serving as its height. Therefore, it can be
assumed that the rehabilitation rate should have an acti-
vation character, ∼ exp(−E/ρ), similar to the tempera-
ture dependence of the activation process with activation
energy E, see, e.g., [26–28].
The presence of activation process indicates that the
system can be subjected to the so-called explosive in-
stability. For example, when a chemical reaction occurs
with the release of heat and has an activation charac-
ter, it goes faster at higher temperatures. This leads
to yet greater temperature increase and, as a result, to
the so-called Zeldovich–Frank-Kamenetskii explosive in-
stability [29–31]. The fight against the epidemic involves
additional costs, e.g. associated with quarantine mea-
sures, which result in the reduction of the production
of the collective formal resource ρ. The resource being
depleted, the quality of medical services and the reha-
bilitation (recovery) rate drop. As a result, the number
of active members in the population goes down. This,
in turn, leads to a further decline in the collective re-
source production, with the level of income needed for
basic survival being lower and lower. Such a scenario
finally results in the total collapse if the system.
In this paper, we try to address the points mentioned
above. In other words, we are interested not only in mod-
eling the spreading process but also in identifying the
ways it can be controlled by socially available parame-
ters and which consequences such control measures can
lead to. To demonstrate a number of possible effects, we
turn to the simplest feedback model that is based on dy-
namical systems. We would like to mention two features
of this model.
(I) In order to take into account the fact that an indi-
vidual can stay in different environments or public places
(e.g. transport, shops, work) that are characterized by
different densities of surrounding individuals, it is conve-
nient to consider the selected social group and its average
daily cycle (T ). For instance, we can introduce the aver-
age daily time slots the individual spends at home (T1),
at shop or other public places (T2), in transport (T3),
at work (T4), etc. and define (at least under normal
conditions) the characteristic density cj of individuals or
the average distance ℓj between them. We also make a
qualitative assessment of the dependence of the reaction
(infection) rate on the density of individuals or average
distance between them in order to clearly identify the set
of control parameters {Tj, ℓj}. Finally, we take into con-
sideration a possibility of indirect transmission through
the medium (e.g. contaminated water [32, 33]) or via the
so-called fomites [34, 35]. The indirect transmission rate
is determined by cj (ℓj) as well.
(II) The relationship between economics and epidemic
is taken into account by means of the above-mentioned
activation mechanism∼ exp(−E/ρ) for the characteristic
relaxation times. To this end, we use the simplest form
of the equation for the dynamics of the formal resource
ρ.
Before we proceed to the consideration of our main
model described in Sect. IV, we make an attempt to
understand the effect of the relaxation activation mech-
anism when the system can pass through a number of
quasi-stable states and then collapse. In this case, its dy-
namics resembles the so-called devil’s staircase [36] pro-
viding a clear illustration to the global pandemic sce-
nario of the world never being the same again after the
epidemic. To this end, we turn to a simple toy model
that accounts for a formal demographic and economic
resource and is more suitable for describing a primitive
community or family.
II. A SIMPLIFIED MODEL WITH ACTIVATION
MECHANISM
We first consider a simplified model where some so-
cial group of individuals is subdivided into two compart-
ments: susceptible (S) and infected (I). The suscepti-
ble individuals are infected at some transmission rate β,
which is defined as a product of the contact rate and the
probability that a contact of infected individual with a
susceptible individual results in transmission. The in-
fected individuals recover and become susceptible again
with some recovery rate Γi, which identifies the proba-
bility of recovery per unit time and is estimated as the
reciprocal of the mean time spent in the infectious class.
The recovery process is governed by the general economic
situation described by some integral activation parame-
ter E which reflects the cost of medical and other essen-
tial life services as well as the bare subsistence level of
consumption. The corresponding mathematical model is
given by the following two ODEs:
∂ts = −β s (1− s) + Γi e
−E/ρ (1− s),
∂tρ = Gs− Γρ ρ− Λ,
(1)
where the operator ∂t stands for the derivative with re-
spect to time t. Here s is the number density of sus-
ceptible individuals and i = 1 − s is the number density
of infected individuals. The total number of susceptible
and infected individuals is assumed to be constant. The
initial conditions at t = 0 are taken as
s(0) = 1− i0, i(0) = i0, ρ(0) = ρ0, (2)
i0 being the initial number density of infected individuals.
The function ρ represents some general “resource”. For-
mally it corresponds to the collective product or earned
money. The production of this resource per unit time is
proportional to the number density of working individ-
uals, s (the infected individuals are assumed to be not
working). The constant G formalizes the resource vol-
ume generated by them per unit time. The second term,
Γρ ρ, formally describes the collective expenses or taxes.
Roughly speaking, the expenses are assumed to be pro-
portional to earnings. Thus, the coefficient Γρ represents
the resource consumption rate. The last term Λ repre-
sents the fixed expenses necessary for keeping some in-
frastructure (e.g. amortization, municipal services, etc.).
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Figure 1. Phase diagram with three possible states (for the
case Λ = 0): disease-free equilibrium (I), endemic equilibrium
(II), and collapse (III).
In the case of unlimited resource (E ≪ ρ), the equa-
tion for s reduces to the basic SIS (susceptible-infected-
susceptible) model, whose solutions are well studied [10,
11, 17]. The purpose of this paper is to investigate the
effect of nonzero activation parameter E (which we will
also refer to as “activation energy”) on the dynamics of
epidemic described by system (1).
As we understand, if there are no black swan events like
the epidemic, there exists a quasi-stationary equilibrium
state with ρ = ρ(0) = const. It is called the disease-free
equilibrium and is given by the trivial stationary solution
of Eqs. (1):
s(0) = 1, ρ(0) =
G− Λ
Γρ
. (3)
On the other hand, under the stress situations like epi-
demic, the system can go out from the disease-free equi-
librium, with resource depleted. Indeed, another station-
ary solution to the equation for ρ is given by
ρ∗ =
Gs∗ − Λ
Γρ
, (4)
where s∗ is given by the following transcendental equa-
tion:
Gs∗ − Λ
Γρ
log (R0s
∗) = −E. (5)
The parameter
R0 =
β
Γi
(6)
is the basic reproduction number. It defines the average
number of transmissions one infected individual makes in
the entire susceptible compartment during the entire time
of being infected. When R0 6 1, the disease-free equilib-
rium is stable, and there is no epidemic outbreak. When
R0 > 1, the disease-free equilibrium is unstable, and
the system evolves to the new equilibrium state {s∗, ρ∗}
called the endemic equilibrium [10, 11].
When E = 0, Eq. (5) has two solutions. The first
solution,
s∗ = R−10 , (7)
is stable at R0 > 1 and defines the endemic equilibrium
point. The second solution s∗ = ΛG is unstable for all R0.
To simplify our further analysis for the case E > 0, we
put Λ = 0. Then Eq. (5) can be rewritten in a simpler
form:
z log z = −E , (8)
where
z = R0s, E = E
R0
ρ(0)
. (9)
For 0 < E < Ec, where Ec = e
−1 ≈ 0.368, Eq. (8) has two
solutions: z1 > Ec (which defines the endemic equilibrium
point) and 0 < z2 < Ec (which is always unstable). For
E = Ec, there is one solution z1,2 = Ec. Finally, there are
no real solutions for E > Ec.
The last case is most important for our consideration.
It means that at some E and R0 there is no stable en-
demic equilibrium because of resource depletion, and the
dynamical system described by Eqs. (1) should collapse
(such a situation is sometimes called the explosive in-
stability). The critical activation energy at which the
system starts to collapse is given by a formula
Ec = ρ
(0) (eR0)
−1
. (10)
Except for the condition 0 6 E < Ec, the endemic
equilibrium point should also meet the requirement of
s∗ < 1, which effectively implies that E < Ee, where
Ee = −ρ
(0) logR0. (11)
Relations (10) and (11) define two critical curves in the
(R0, E) plane which determine the evolution scenario for
dynamical system (1). Depending on the values of pa-
rameters R0 and E, the system can evolve into three
possible states: disease-free equilibrium, endemic equi-
librium, or collapse. Figure 1 shows the corresponding
phase diagram.
The above analysis is supported by the results of nu-
merical integration of Eqs. (1) demonstrated in Fig. 2
(the case R0 < 1) and Fig. 3 (the case R0 > 1). In
these examples we normalized the resource function by
its trivial stationary value ρ(0), which is equivalent to
taking ρ(0) = 1. In this case we have ρ∗ = s∗.
When E = 0, the dynamics of system (1) follows the
basic SIS model. It evolves to the state of disease-free
equilibrium at R0 6 1 [Fig. 2(a)] and to the state of
endemic equilibrium at R0 > 1 [Fig. 3(a)].
When E > 0, some part of the resource is consumed,
and the number of healthy (susceptible) individuals de-
creases [Fig. 3(b)]. There is a critical value Ee defined by
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Figure 2. The number density of susceptible individuals and normalized resource function as functions of time in the case
R0 < 1 (β = 0.15 T−1). Other parameters were taken equal to T = 1 day, Γi = 0.2 T−1, Γρ = G = 0.1 T−1, Λ = 0. The initial
conditions are i0 = 0.1, ρ0 = 1.
formula (11) at which the system evolves to the endemic
equilibrium even at R0 < 1 [Fig. 2(b)]. This scenario is
impossible in the basic SIS model. When the activation
energy is further increased and becomes larger than the
critical value Ec defined by formula (10), the endemic
equilibrium is no longer stable and the system collapses
to the state s∗ = ρ∗ = 0 [Fig. 2(c,d)]. This means that
all the individuals become infected and there is no re-
source to reverse the epidemic back. The same scenario
is observed in the case R0 > 1 [Fig. 3(c,d)].
When E is above the critical value Ec but still close to
it, the system first tries to occupy the quasi-stationary
endemic state (which is unstable). This process can take
quite a long time and then the system finally collapses
[Figs. 2(c) and 3(c)]. It resembles the well-known “devil’s
staircase” pattern [36]. At larger activation energies, the
collapse is very fast with no intermediate quasi-stationary
evolution [Figs. 2(d) and 3(d)].
The simplified SIS-like model and example considered
in this Section demonstrate that in the case of limited
resource (E > 0), there exists a certain critical point
for any basic reproduction number R0 at which the sys-
tem collapses and can no longer stabilize and return to
the stable pre-epidemic or after-epidemic state. This fact
provides a clear illustration to the global pandemic sce-
nario of the world never being the same again after the
epidemic.
III. SOCIAL CONTROL PARAMETERS
As mentioned above, the spreading process can be con-
trolled only by accessible for society parameters. These
parameters are, e.g. the mean distance between individ-
uals and the mean time spent in a particular place.
In order to take into account the fact that an individ-
ual can stay in different environments or public places
(e.g. transport, shops, work) that are characterized by
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Figure 3. The number density of susceptible individuals and normalized resource function as functions of time in the case
R0 > 1 (β = 0.25 T−1). Other parameters are the same as in Fig. 3.
different densities of surrounding individuals, it is conve-
nient to consider the selected social group and its average
daily cycle (T ). For instance, we can introduce the aver-
age daily time slots the individual spends at home (T1),
at shop or other public places (T2), in transport (T3),
at work (T4), etc. and define (at least under normal
conditions) the characteristic density cj of individuals or
the average distance ℓj between them. We also make a
qualitative assessment of the dependence of the reaction
(infection) rate on the density of individuals or average
distance between them in order to clearly identify the set
of control parameters {Tj, ℓj}. We estimate the reaction
cross-section, using a simple approach, in order to take
into account a safe distance, and consider also the addi-
tional mechanical infection associated with infecting by
the environment. The later is also depends on the pop-
ulation density in a given place. Such approach allows
not only to single out the characteristic parameters one
can influence, but also to describe, in the same respect,
another social groups, e.g. the category of people that
go to work in the subway, with high population density,
or by car, taking into account their intersecting points.
When determining the chemical reaction cross-section via
a field or some mediator, we deal with parameters which
should be obtained from general considerations. For ex-
ample, the probability to be infected per unit time for
an individual in the vicinity of infected one for a certain
period of time which depends on the individual organism
resistance.
Here, we roughly estimate the dependence of mean
infection rate ωj (reaction rate) on characteristic dis-
tance between people for an individual in a “social” re-
gion (location) “j” with a given mean population density
cj ∼ (ℓj)
−2, where ℓj is the mean distance between them.
In general case, the probability of being infected (“in-
teraction potential”) depends on the distance between
infected and susceptible, and, as may be assumed, is a
damped function with a characteristic correlation radius
(decay length) ℓc. Then, the scattering (reaction) cross-
section is determined by the probability of finding the
6infected individual at a certain distance from suscepti-
ble one and by the interaction potential. By averaging
over all the configurations of spatial locations of infected,
susceptible and immune individuals, we obtain the char-
acteristic infection rate ωj which depends on ℓj and ℓc.
In the case of non-trivial spatial structure (topology) of
population, the scattering problem is correctly described
by the two-point correlation function or so-called struc-
ture factor.
However, for simplicity, here we assume that the el-
ementary infection act probability for susceptible indi-
vidual, falling into the vicinity of radius ℓc around the
infected one, does not depend on the distance and equals
ω. We also assume that the event of being infected from
two different infected individuals are independent. In
what follows, ℓc is associated with socially safe distance.
For simplicity, we suppose that, for each social zone j,
the mean population density is fixed under any social con-
ditions. The mean number of persons falling into the area
of radius ℓc around susceptible individual is N j ≈ cjπℓ
2
c .
One can estimate the infection probability of suscepti-
ble individual per unit time ∆Pj = ωq(N j − 1), where
q ≈ I/N is the probability to be infected. By summing
over all the susceptible individuals in the system, we ob-
tain the characteristic growth rate of the number of in-
fected individuals, S∆Pj , in the system with population
density cj . By dividing on the total population num-
ber N , the rate of infection reaction in the region with
density cj takes the form
i
∆t
≈ ω(N j − 1)si, (12)
i.e.
ωj = ω(N j − 1) ≈ ω
((
ℓc
ℓj
)2
− 1
)
(13)
Here s is the number density of susceptible individuals
and i is the number density of infected individuals. We
can estimate the relative error for ωj caused by fluctu-
ation of the number of individuals falling into the area
of radius ℓc by using, for simplicity, a triangular lattice
with a lattice constant ℓ0 (characteristic size of the in-
dividual). The deviation of squared number of particles
∆N2 = N2 −N
2
:
∆N2 = θNm + θ
2Nm(Nm − 1) ≈ θNm ≈ N
where θ is the probability that lattice site is occupied by
a person, and Nm is the maximal number of persons that
can fall into the area of radius ℓc:
Nm ≈ 1 + 6
(
ℓc
ℓ0
)(
ℓc
ℓ0
+ 1
)
Then, the relative error for ωj can be estimated as
δωj/ωj =
√
∆N2j /Nj ∼
(√
∆Nj
)
−1
∼ ℓj/ℓc ∼ 10
−1,
assuming that ℓc ∼ 4m, and minimal distance between
persons ℓ0 ∼ 1m, and ℓ0 < ℓj < ℓc. Generally, it should
noted that characteristic reaction cross-section can have
more complex dependence on density ∼ cα, 1 ≤ α ≤ 3,
and other type of non-linearity than si [57].
Next we roughly estimate the probability of elementary
infection act ω. Let ℓ0 be the minimum possible distance
between two individuals. Assume that the suspected in-
dividual is infected with probability p0 = 1 if he stays
at the distance ℓ0 from the infected individual for some
characteristic time τis (e.g. 8 hours). Then the proba-
bility of becoming infected at the minimum distance per
unit time is ω = a/τis. The parameter a can be estimated
as the ratio of the “contact” area between the susceptible
and infected individual to the total area determined by
the correlation radius ℓc: a ≈ ℓ0/ℓ
2
c.
Then we assume that each individual can stay in Nω
different locations during some typical period of time T
(e.g. one day). Each location is characterized by its own
average distance ℓj . Then the integral transmission rate
β for all locations is given by a formula:
β =
Nω∑
j=1
ωj
Tj
T
, (14)
where Tj are the characteristic times spent in each of the
locations j, with
Nω∑
j=1
Tj = T. (15)
In practice, we will limit ourselves by four locations
(Nω = 4). Location 1 refers to staying at home (limited
social contact), location 2 refers to shopping and other
social contacts during a day, location 3 refers to staying
in public transport (where the transmission probability
is the highest), location 4 refers to staying at work.
Our estimates of the transmission frequencies ωj and
rates β for various sets of social control parameters Tj and
ℓj are given in Table II (see Appendix A). We considered
three possible scenarios: casual (no restrictions), soft
quarantine (social distancing in place), and strict quaran-
tine (restricted public transport, limited social contacts,
partial cutting of economic activity). The soft quaran-
tine measures reduce the integral transmission rate β by
a factor of 3, and the strict quarantine measures reduce
it by a factor of 7. Thus, our rough estimates given by
formulas (12) and (14) allow the transmission rates to be
controlled by the proper choice of parameters Tj and ℓj
in different social scenarios. Our β estimates in the case
of casual scenario fall in the range derived from the sta-
tistical data for the COVID-19 epidemic in the Wuhan
city [37, 38].
7IV. EXTENDED MODEL
A. Mathematical formulation
Here we consider a more realistic model of epidemic
evolution. In addition to the direct transmission of in-
fection by direct contact of the susceptible individual
with the infected individual, we also consider the indirect
transmission of the pathogen (e.g. virus) either through
the medium (e.g. contaminated water [32, 33]) or via
intermediate objects (like hands, counters, doorknobs,
etc.) often called fomites [34, 35]. Such an intermediate
medium or fomites will further be referred to as “cloud”.
We associate a separate cloud with each social location j
described earlier in Section II.
We subdivide the selected social group into five com-
partments: susceptible (S), infected (I), quarantine (Q),
recovered (R), and deceased (F). The susceptible indi-
viduals (S) are those who are at risk to be infected. The
infected individuals (I) are those who have been infected
and pass through the virus incubation period. Then they
either recover (with or without the acquired immunity)
or pass to the severe form of decease (like fever or or-
gan disfunction) when they need to stay isolated either
at home or at hospital getting a medical help. Such indi-
viduals are referred to as the quarantine individuals (Q).
The quarantine individuals either recover (with or with-
out the acquired immunity) or die. The corresponding
mathematical model is given by the following system of
ODEs:
∂ts = −s
∑
j
(
ωj i+Ωj dj
)Tj
T
+ Γis i+ Γqs e
−E/ρ q,
∂ti = s
∑
j
(
ωj i+Ωj dj
)Tj
T
− Γi i, (16a)
∂tq = Γiq i− Γq q,
∂tr = Γir i+ Γqr e
−E/ρ q,
where the functions s(t), i(t), q(t), and r(t) describe the
number densities of the susceptible, infected, quarantine,
and recovered compartments, respectively. Here the in-
dex j = 1, . . . , Nω runs through all the social locations,
and Nω is the total number of such locations taken into
consideration (see Section II). The average frequencies
ωj of infection transmission in each of the locations j are
defined by formula (12). The typical characteristic times
Tj spent in each of the locations j are given in Table II,
the total time spent in all the locations being constant
each day and equal to the day duration T [see Eq. (15)].
The number density of fatal cases is described by the
function f(t) that is determined by the equation
∂tf =
(
Γq + (Γqf − Γq) e
−E/ρ
)
q. (16b)
Each of the functions dj(t) describes the density of
pathogen per individual in the cloud j and contributes to
the indirect transmission of the infection from the cloud
to susceptible individuals. The pathogen dynamics in the
cloud j is given by the following equation:
∂tdj = σj i− γj dj . (16c)
The first term, σj i, describes the pathogen shedding by
the infected individuals into the cloud, and the second
term, γj dj , describes the pathogen decay in the cloud
due to natural inactivation, decontamination, or other
routes.
The resource function ρ and the activation parameter
E have the same meaning as in Section III. The corre-
sponding resource balance equation is
∂tρ = G(s+ i+ r) − Γρ ρ− Λ. (16d)
The above equations are supplemented with the fol-
lowing initial conditions
s(0) = 1− i0, i(0) = i0,
q(0) = r(0) = f(0) = dj(0) = 0, ρ(0) = ρ0.
(16e)
The total number density is assumed to be constant:
s(t) + i(t) + q(t) + r(t) + f(t) = 1. (17)
Effectively, our model is a combination or exten-
sion of simpler models like SIR (susceptible-infected-
recovered) [6, 7, 10, 11, 16], SIRD (susceptible-
infected-recovered-deceased) [39], SIQR (susceptible-
infected-quarantine-recovered) [40], SIWR/SIVR/SIRP
(susceptible-infected-recovered-pathogen) [32, 41–43],
and EITS (environmental infection transmission sys-
tem) [34].
B. Assumptions
1. The system is closed (no migration outside the selected
population group and no one is added to the popula-
tion).
2. The natural demography is ignored.
3. The uniform mixing of people is assumed (no uneven
spatial distribution). The distribution of the pathogen
in each cloud is assumed to be uniform.
4. The latent period from exposure to the onset of infec-
tiousness is ignored, i.e. all the exposed individuals
are assumed to be infected and can infect others. The
SEIR (susceptible-exposed-infected-recovered) model
was demonstrated to have no practical advantage as
compared to the SIR model [37].
C. Parameters
The full description and indicative values of the param-
eters of Eqs. (16) are given in Table III (Appendix A).
8In particular, the parameter Γis describes a rate (we
call it the relaxation frequency) at which the infected
individuals recover without acquiring the immunity and
come back to the susceptible compartment. The param-
eter Γiq describes a rate at which the infected individuals
develop the severe condition and pass to the quarantine
compartment, where they become isolated either at home
or at hospital. The parameter Γir describes a rate at
which the infected individuals recover without complica-
tions and acquire the immunity. It is proportional to the
probability µ of acquiring the immunity (see Table III).
The relaxation frequency Γi is defined as follows:
Γi = Γiq + Γir + Γis = τ
−1
i ,
where τi is the characteristic pathogen incubation period.
The parameters Γqr and Γqs describe the rates at which
the quarantine individuals recover with or without the ac-
quired immunity. The parameter Γqf describes the fatal-
ity rate in the case of unlimited resource (E ≪ ρ). This
case models a situation when the quarantine individuals
all get the necessary medical care and the fatalities are
only attributed to insuperable health complications (such
as concomitant diseases or age factor). In the opposite
case, when E ≫ ρ, the fatality rate is at its maximum
and is equal to the total relaxation frequency for quar-
antine individuals,
Γq = Γqr + Γqs + Γqf = τ
−1
q ,
where τq is the average quarantine/hospitalization pe-
riod. This case refers to the collapse of the medical sys-
tem when the quarantine individuals get no medical help
or treatment.
Each of the parameters Ωj describes the typical fre-
quency of the pathogen transmission from the cloud j
to the susceptible individual. Two other cloud-related
parameters, σj and γj , are the pathogen shedding rate
(infected-to-cloud) and decay rate in the cloud, respec-
tively. Their estimates are provided in Appendix A.
Finally, the constant G formalizes the resource volume
generated by working individuals per unit time. It is pro-
portional to the average working time T4 for the given so-
cial group (see Table II). The parameter Γρ represents the
resource consumption rate. The parameter Λ represents
the fixed expenses necessary for keeping some infrastruc-
ture (e.g. amortization, municipal services, etc.).
Note that the instantaneous number density of quar-
antine (ill) individuals q(t) is not often a convenient in-
dicator for practical applications. The integrate number
density of quarantine individuals for a certain period of
time can be used instead. It is calculated as follows
qΣ = Γiq
∫ t
0
i dτ. (18)
In the case of unlimited resource (E = 0), the integrate
number density of quarantine individuals in the end of
epidemic (t → ∞) is proportional to the final number
density of fatal cases,
(qΣ)∞ = η f∞, (19)
where η is the probability of the fatal scenario for the
quarantine individual.
D. Analysis
For our further analysis, we first find the stationary
solution to Eq. (16c) for the cloud j:
d∗j =
σj
γj
i∗. (20)
This relation allows us to introduce the dimensionless
pathogen concentration in the cloud j, namely
pj =
γj
σj
dj , (21)
so that p∗j = i
∗. Then Eqs. (16a) and (16c) can be rewrit-
ten as
∂ts = −
(
β i+
∑
j
βj pj
)
s+ Γis i + Γqs e
−E/ρ q,
∂ti =
(
β i+
∑
j
βj pj
)
s− Γi i, (22)
∂tq = Γiq i− Γq q,
∂tr = Γir i+ Γqr e
−E/ρ q,
∂tpj = γj (i− pj) ,
where β is the direct transmission rate (infected-to-
susceptible) given by formula (14) and βj are the scaled
indirect transmission rates via each of the clouds j
(infected-cloud-susceptible):
βj = νj
Tj
T
. (23)
The scaled indirect transmission frequencies νj are de-
fined as
νj = Ωj
σj
γj
. (24)
Equations (22) supplemented with Eqs. (16b) and
(16d) possess two equilibrium points. The first one is
the disease-free equilibrium
s(0) = 1, ρ = ρ(0), i(0) = q(0) = r(0) = f (0) = p
(0)
j = 0,
(25)
with ρ(0) given by formula (3). The second one is the
endemic equilibrium
s∗ = R−10 , i
∗ = q∗ = p∗j = 0, (26)
where the basic reproduction number R0 is defined as
R0 = τi
∑
j
(ωj + νj)
Tj
T
=
β + βp
Γi
, (27)
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Figure 4. Effect of the cloud for the fixed β = 0.5T−1. (a) No cloud (βp = 0, i0 = 10−7). (b) No cloud (βp = 0, i0 = 10−5).
(c) With cloud (βp = 0.2 T−1, i0 = 10−5). (d) With cloud (βp = 0.5 T−1, i0 = 10−5).
Table I. Main parameters of numerical solutions shown in Fig. 4.
β βp R0 i0 imax timax , days qmax tqmax , days (qΣ)∞ s∞
0.5 T−1 0 2.5 10−7 0.257 55.7 0.086 64.2 0.210 0.158
0.5 T−1 0 2.5 10−5 0.257 40.3 0.086 48.9 0.210 0.158
0.5 T−1 0.2 T−1 3.5 10−5 0.352 30.7 0.103 38.6 0.228 0.087
0.5 T−1 0.5 T−1 5 10−5 0.441 24.0 0.114 31.5 0.236 0.054
Quarantine scenario 10−5 0.233 73.5 0.078 81.6 0.225 0.098
where
βp =
∑
j
βj (28)
is the aggregate indirect pathogen transmission rate via
all the clouds. The parameter R0 represents the number
of secondary cases generated if a single infected individ-
ual is introduced into a completely susceptible popula-
tion.
When R0 6 1, the disease-free equilibrium is stable,
and there is no epidemic outbreak.
When R0 > 1, the disease-free equilibrium is unstable,
and the system evolves to the state of endemic equilib-
rium.
The stationary points for the resource function, num-
ber density of recovered individuals, and the number den-
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sity of fatal cases are given by the formulas
ρ∗ = −E log−1
(
Γq (Γiq + Γir)
ΓqsΓiq
)
, (29a)
r∗ =
Γρ ρ
∗ − Λ
G
− s∗, (29b)
f∗ = 1− s∗ − r∗ = 1−
Γρ ρ
∗ − Λ
G
. (29c)
The variable resource is seen to have a profound effect on
the endemic number densities of the recovered individuals
and fatal cases. However, in contrast to the example con-
sidered in Section II based on a simpler SIS-like model,
our extended model is more stable in regard to the re-
source depletion and does not allow for the total collapse
scenario with s and ρ vanishing to zero at E ≫ ρ.
The first two equations of system (22) are strongly non-
linear. There are no analytical solutions known for the
general form of these equations. However, in one particu-
lar case, when Γis = Γqs = 0 (µ = 1, no loss of immunity)
and E = 0 (unlimited resource), one can get the following
asymptotics at t→∞:
log
(
s(0)
s∞
)
= R0 (1− s∞) , i∞ = 0, q∞ = 0. (30)
Equation (30) can be used to control the accuracy of
the numerical integration of system (22). In the examples
considered in the next Section, we used the fourth-order
Runge-Kutta method to integrate Eqs. (22) numerically
with step ∆t = T/10 sufficient to achieve the reasonable
accuracy. In the case µ = 1 (no loss of immunity) our
numerical estimate of s∞ coincided with the value given
by Eq. (30) to an accuracy of 10−10.
V. EXAMPLES
Now we consider particular examples to demonstrate
various effects described by our model. First we focus on
the case when there is no resource depletion (ρ ≫ E),
so that the resource activation mechanism could be ig-
nored (E = 0). We illustrate the “patient zero” phe-
nomenon, then demonstrate the effect of the cloud, and
finally model a quarantine scenario. Next we consider an
example of a social group with limited resource (E 6= 0).
A. Effect of i0
Figures 4(a,b) show the number densities of the sus-
ceptible, infected, quarantine, and recovered individuals
as functions of time in the case of two different initial
number densities of infected individuals i0 for the fixed
basic reproduction number (R0 = 2.5). Panel (a) cor-
responds to an initial density of one per 10 million, and
panel (b) corresponds to an initial density of one per 100
thousand. The number density of infected individuals ex-
hibits a typical peak and then drops. The peak has the
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Figure 5. Susceptible-infected phase plane portrait for R0 =
2.5 and various initial number densities of infected individu-
als i0.
same height for the both initial densities, but in the case
of larger i0 it is reached much faster (see Table I). This
example serves as an illustration of the “patient zero”
phenomenon. When R0 > 1, the epidemic spreads even
when it starts only from one infected individual (patient
zero). Then it reaches the same intensity in a certain
period of time, which is shorter when the initial number
of infected individuals is larger. This effect is also clearly
seen in the phase portraits i(s) at different i0 (Fig. 5).
B. Cloud effect
Figure 4 shows the number densities of susceptible, in-
fected, quarantine, and recovered individuals in the cases
when there is no indirect transmission [no cloud, panels
(a) and (b)] and when there is such a transmission [with
cloud, panels (c) and (d)]. The cloud parameters are
listed in Table IV (Appendix A), and all other model
parameters were selected according to Table III therein.
The corresponding parameters of the peaks are given
in Table I. The inclusion of the cloud increased the basic
reproduction number R0, so that the peaks of infected
(imax) and quarantine (qmax) densities become larger and
shift to shorter times. The total number density of quar-
antine individuals (qΣ)∞ is significantly larger in the case
with cloud.
C. Modelling the quarantine scenario
The epidemic dynamics is governed by the basic repro-
duction number R0. The epidemic starts to spread when
R0 > 1. The greater R0, the higher are imax, qmax, and
(qΣ)∞. Thus, to reduce the epidemic peak and to slow
the epidemy down, one should reduce R0. According to
formula (27), this can be achieved by reducing the trans-
mission frequencies ωj and, therefore, the transmission
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Table II. Social control parameters and transmission rates at ℓ0 = 1 m, ℓc = 4 m, and τis = T/3.
Location Description Tj , h ℓj , m ωj Tj , h ℓj , m ωj Tj , h ℓj , m ωj
j = 1 Home 11.5 3.5 0.06 T−1 12.5 3.5 0.06 T−1 19.5 3.5 0.06 T−1
j = 2 Shopping 1.5 1.5 1.15 T−1 1.5 2.25 0.41 T−1 0.5 2.25 0.41 T−1
j = 3 Transport 3 1 2.81 T−1 2 1.5 1.15 T−1 0
j = 4 Work 8 3 0.15 T−1 8 3.25 0.10 T−1 4 3.25 0.10 T−1
β Casual 0.5T−1 Soft quarantine 0.18 T−1 Strict quarantine 0.07 T−1
rate β. Such measures are usually referred to as quaran-
tine. To model the quarantine scenario, we assumed the
following form of the transmission coefficients:
β =


β(0), t < t1,
β(1), t1 6 t < t2,
β(0), t > t2,
βp =


β
(0)
p , t < t1,
β
(1)
p , t1 6 t < t2,
β
(0)
p , t > t2,
(31)
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Figure 7. Effect of the resource function.
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where t1 is the moment when the quarantine starts, t2 is
the moment when the quarantine ends, β(0) and β
(0)
p are
the direct and indirect transmission rates during the “no
quarantine” period, and β(1) and β
(1)
p are the transmis-
sion rates during the quarantine period.
Figure 6 presents the results of our modeling. This
example describes the scenario when the initial basic re-
production number R0 = 3.5 was reduced to R0 = 1.1
by the quarantine measures at t1 = 20 days. The num-
ber density of quarantine individuals continued to grow
but at much lesser rate and acquired a local peak at
t ≈ 48 days. Then the quarantine was terminated at
t2 = 60 days. The number densities of the infected and
quarantine individuals immediately started to grow again
and reached the new peaks that were much larger than
those during the quarantine (row 5 in Table I). As com-
pared to the “no quarantine” scenario (row 3 in Table I),
the absolute heights of the peaks decreased, but the to-
tal number densities of quarantine individuals and fatal
cases remained nearly the same. Thus, the quarantine
scenario allows one to win time but does not seriously
affect the total number of ill and deceased people, in the
case when the fatality rate remains to be constant.
Our results are in line with the results of modeling pre-
sented in Ref. [22]. The greater the reduction in transmis-
sion, the longer and flatter is the epidemic curve, with the
risk of resurgence when interventions are lifted to miti-
gate economic impact. The similar results were obtained
when modeling the COVID-19 quarantine scenario for
the Wuhan city, with a stochastic SEIR model fitted to
the available statistical data [44]. The initial R0 value
equal to 2.35 (the median estimate) before the quaran-
tine restrictions took place declined to R0 ≈ 1.05 after
the start of the quarantine.
D. The resource activation mechanism
Finally, we demonstrate the effect of nonzero resource
activation parameter E. Figure 7 demonstrates the ef-
fect of the resource function for E = 0.1, with all other
parameters listed in Table III. The nonzero resource acti-
vation parameter E has a profound effect on the number
of fatal cases. This example illustrates the scenario when
the economic subsystem has no resource to support the
medical infrastructure, so that seriously ill (quarantine)
individuals could not get the necessary medical services
to overcome the infection. However, in contrast to the
toy example considered in Section II, dynamic system
(22) does not collapse, the resource function exhibiting a
clearly identified minimum with a subsequent surge.
VI. CONCLUSION
We proposed a novel approach for modeling the spread
of epidemics. The spreading process within a selected so-
cial group is described by the dynamic equations which
explicitly account for the dependence of characteristic
reaction (infection) rates on the local population den-
sity in various social zones. The indirect channel of in-
fection transmission via an intermediate environment or
the so-called fomites was also taken into account. More-
over, the model accounts for the negative feedback in the
“epidemic–economic resource” system. To this end, the
equations describing the spreading process were supple-
mented with equations for the formal economic resource.
The epidemic spread and the use of quarantine measures
was demonstrated to be connected with economic losses,
which in turn can lead to the collapse of the system, at
least for a number of industries and/or social groups.
Appendix A: Model parameters (extended)
Table II gives transmission frequencies ωj and rates β
calculated by formulas (12) and (14) for various sets of
social control parameters.
Table III gives the full description of the model pa-
rameters and their estimates used in our computations.
In particular, the cloud-related parameters can be es-
timated as follows. The typical frequency Ωj of the
pathogen transmission from the cloud j to the suscep-
tible individual can roughly be estimated as
Ωj = Γjs
υc
∆
θ, [ time−1 ×mass−1 × volume ] (A1)
where Γjs is the average rate the susceptible individ-
ual contacts the cloud j, υc is a typical volume of the
pathogen transferred from the cloud to the susceptible in-
dividual per one contact, ∆ is some characteristic weight
of one pathogen specimen that can be interpreted as the
minimum portion (“quant”) of the pathogen that can be
transferred per one contact), and θ is the probability
the transmission of this quant results in infection. The
smaller the pathogen, the smaller is the quant ~ and the
more intensive is transmission (Ωj is higher). The pa-
rameters υc, ∆, and θ are assumed to be independent of
the particular cloud.
The pathogen shedding rate σj (infected-to-cloud) can
roughly be estimated as
σj = Γij
n∆
Vj
, [ time−1 ×mass× volume−1 ] (A2)
where Γij is the average rate the infected individual con-
tacts the cloud j (number of coughs, sneezes, touches, etc.
per unit time), n is the typical number of the pathogen
quants ∆ transferred by the infected individual to the
cloud per one contact, and Vj is the total volume (capac-
ity) of the cloud j. The parameter n is assumed to be
independent of the particular cloud.
Then the scaled indirect transmission frequencies νj
can be estimated as
νj = Ωj
σj
γj
=
Γij Γjs
γj
χj . (A3)
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Table III. Parameters of the model.
Description Our model value Literature data
β Direct transmission rate (infected-to-susceptible) 0.5 T−1 0.6T−1 [37]†, 0.15 T−1 [38]†
ωj Infected-to-susceptible transmission frequency for location j see Table II
βj Indirect transmission rate (infected-cloud-susceptible) in cloud j see Table IV
βp Aggregate indirect transmission rate (infected-cloud-susceptible) 0.2 T−1 0.35 T−1 [41]‡
νj Infected-cloud-susceptible transmission frequency in cloud j see Eq. (A3)
χj Infected-cloud-susceptible transmission efficiency in cloud j 10−5
γj Average pathogen decay rate in cloud j τ−1p
Γjs Average contact rate (pickup) of susceptible individuals with cloud j 240 T−1 24–480 T−1 (fomites) [34]
Γij Average contact rate (shedding) of infected individuals with cloud j 360 T−1 360 T−1 (coughs) [45]§
Γiq Infected-to-quarantine relaxation frequency (1− ξ) τ−1i
Γir Infected-to-recovered relaxation frequency (with immunity) ξ µ τ−1i
Γis Infected-to-susceptible relaxation frequency (no immunity) ξ (1− µ) τ−1i
Γi Total relaxation frequency for infected individuals, Γiq + Γir + Γis τ−1i
Γqr Quarantine-to-recovered relaxation frequency (with immunity) µ (1− η) τ−1q
Γqs Quarantine-to-susceptible relaxation frequency (no immunity) (1− µ) (1− η) τ−1q
Γqf Fatality rate in the case of unlimited resource η τ−1q
Γq Total relaxation frequency for quarantine individuals, Γqr + Γqs + Γqf τ−1q
Γρ Resource consumption rate τ−1ρ
T Unit of time 1 day
Tj Average time spent in location j see Table II
ℓ0 Minimum possible distance between two individuals 1 m
ℓc Correlation radius (the maximum transmission distance) 4 m
ℓj Average distance between individuals in location j see Table II
τis Characteristic time of becoming infected at close contact T/3
τp Average pathogen decay time outside the host 2T 0.1–14 T ∗ [47]†
τi Average pathogen incubation period 5T 3–10 T [46]†, ≈ 5T [48, 49]†
τq Average quarantine/hospitalization time 14T (12.4± 5)T [38]†, 14.5 T [50]†
τρ Characteristic resource consumption time 30T
ξ Probability for the infected individual to recover without quarantine 0.8 0.8∗∗ [22]†
µ Probability of acquiring the immunity 0.8
η Probability of the fatal scenario for the quarantine individual 0.01 0.014 [51, 52]†
E Normalized resource activation energy 0.1
G Normalized resource volume per unit time (1 + α) Γρ
Λ Normalized infrastructure expenses per unit time αΓρ
α Infrastructure coefficient 0.2
i0 Initial number density of infected individuals 10−5
† for COVID-19
‡ for cholera outbreak
§ for pandemic influenza
∗ depends on medium, ambient temperature, and surface type
∗∗ 80% of COVID-19 cases are mild or asymptomatic
The dimensionless parameter
χj =
υc
Vj
n θ (A4)
defines the transmission efficiency from the infected in-
dividual to the susceptible individual through the cloud
j. Although the abstract parameter ∆ was eliminated
by scaling (21), the expression for χj still contains the
parameters that are hard to estimate from some physical
principles. Therefore, this parameter can rather be esti-
mated by fitting the model to some real statistical data.
In practice, it is selected by assuming that the indirect
and direct routes transmissions have approximately the
same likelihood, i.e. νj ≈ ωj [32].
Table IV gives indirect transmission frequencies νj and
rates βj calculated by formulas (A3) and (23) for a par-
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Table IV. Indirect transmission frequencies and rates.
Cloud Tj , h ℓj , m Γjs νj βj
j = 1 11.5 3.5 20T−1 0.14 T−1 0.02 T−1
j = 2 1.5 1.5 107 T−1 0.77 T−1 0.10 T−1
j = 3 3 1 240 T−1 1.73 T−1 0.22 T−1
j = 4 8 3 27T−1 0.19 T−1 0.02 T−1
Table V. Available estimates of R0 for COVID-19.
R0 Reference Data source
1.5–3.5 Imai et al. [53] Wuhan
2.4–4.1 Read et al. [54] Wuhan
2.2–3.6 Zhao et al. [55] Wuhan
1.4–3.9 Li et al. [49] Wuhan
2.5–2.9 Wu et al. [56] Wuhan
ticular set of social control parameters. The contact
infected-to-cloud rates Γij , pathogen decay rates γj , and
transmission efficiencies χj are assumed to be the same
for each cloud and listed in Table III. The contact cloud-
to-susceptible rate Γjs is assumed to be inversely pro-
portional to the squared social distance ℓj between the
individuals [as in Eq. (12)].
Table V lists some estimates of the basic reproduction
number R0 derived from the statistical data on COVID-
19 (literature data).
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